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Abstract: We study a four-dimensional U(1) gauge theory with the θ angle, which
was originally proposed by Cardy and Rabinovici. It is known that the model has the
rich phase diagram thanks to the presence of both electrically and magnetically charged
particles. We discuss the topological nature of the oblique confinement phase of the model
at θ = pi, and show how its appearance can be consistent with the anomaly constraint.
We also construct the SL(2,Z) self-dual theory out of the Cardy-Rabinovici model by
gauging a part of its one-form symmetry. This self-duality has a mixed ’t Hooft anomaly
with gravity, and its implications on the phase diagram is uncovered. As the model shares
the same global symmetry and ’t Hooft anomaly with those of SU(N) Yang-Mills theory,
studying its topological aspects would provide us more hints to explore possible dynamics
of non-Abelian gauge theories with nonzero θ angles.
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1 Introduction
Quark confinement is a basic feature of the strong interaction, while it is an important and
unsolved problem to derive it in any analytical methods based on non-Abelian Yang-Mills
(YM) theories. One of the famous scenarios of quark confinement is the dual superconduc-
tivity, which assumes that the YM vacuum is caused by condensation of monopoles [1–4].
When both electric and magnetic particles exist, we can expect rich structure of possible
phases, such as the Coulomb phase, Higgs phase, confinement phase, etc. The monopole
is quite useful to understand the qualitative effect of the θ angle and more exotic phases
can appear for θ 6= 0 [5], as the magnetic monopole acquires the fractional electric charge
proportional to θ and it is known as the Witten effect [6].
Cardy and Rabinovici proposed a simple model in order to study these nontrivial
dynamics quantitatively in the presence of θ [7, 8], and we call it the Cardy-Rabinovici
model in this paper. It is the lattice U(1) gauge theory on the four-dimensional cubic
lattice coupled to the charge-N Higgs particles, and the monopoles can be described by
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the violation of Bianchi identity at the lattice scale. In the continuum formulation, we
introduce the θ angle as a coupling to the instanton density, but such topologies are suffered
from lattice discretization and lose some of important features valid in the continuum (See
Refs. [9, 10] for recent developments on topologies of lattice U(1) gauge theories). In the
Cardy-Rabinovici model, the θ angle is introduced to reproduce the Witten effect. Cardy
and Rabinovici have conjectured that the phase diagram has a rich structure in the space of
the coupling g2 and the θ angle by applying the heuristic free-energy argument to identify
the condensate in the vacua [7].
An interesting property of this model is the appearance of oblique confinement phase,
originally proposed by ’t Hooft [5]. When θ ' pi, the monopole costs not only magnetic
energies but also electric energies due to the Witten effect, which suggests that its conden-
sation becomes less probable in the strong coupling regime around θ ' pi. Instead, a bound
state of two monopoles and one Higgs particle does not carry net electric charge because
the electric charge induced by the Witten effect is canceled by that of the Higgs particle,
and the bound state is more likely to condense near θ ' pi.
There is a recent progress on the YM dynamics at θ = pi by the new anomaly matching
condition [11]. The four dimensional pure SU(N) YM theory enjoys the ZN one-form
symmetry, Z[1]N . The one-form symmetry is not an ordinary symmetry in the sense that
it does not transform local operators [12]. Instead, the one-form symmetry acts on line
operators, which describe the world-line of test particles, or very heavy quark in the YM
theory. In the SU(N) YM theory, we can measure N -ality of their electric charges so we
have ZN symmetry acting on the Wilson loops. Like ordinary symmetries, we can consider
the gauging operation of Z[1]N , but we should introduce two-form gauge fields. In Ref. [11],
it is found that the CP symmetry at θ = pi is violated under the presence of nontrivial
two-form background gauge fields for even N , and this anomaly is renormalization-group
invariant. When N is odd, more subtle condition, called global inconsistency, gives the
constraint on the phase diagram, instead [11, 13–19]. The CP symmetry at θ = pi has been
suspected to be spontaneously broken [20–27], and this argument unveils that it is partly
required by kinematical reasoning.
In this paper, we show that the Cardy-Rabinovici model has the same structure of the
symmetry and anomaly as the SU(N) YM theory. As all the dynamical electric particles
have the U(1) gauge charge N , the model enjoys the Z[1]N symmetry, and we introduce the
θ angle in a way that it becomes 2pi periodic, θ ∼ θ + 2pi, in the low-energy limit. As a
result, the theory at θ = pi acquires the CP symmetry, and it has the mixed anomaly with
Z[1]N as in the case of SU(N) YM theory. The presence of the ’t Hooft anomaly tells us
more details on the phase diagram, and we confirm the consistency between the anomaly
constraint and the proposed phase diagram by clarifying the topological aspects of each
phase. In particular, we study topological aspects of oblique confinement, which crucially
depend on whether N is even or odd. When N is even, the oblique confinement phase is a
Z2 topological order at low energies with the spontaneous symmetry breaking,
Z[1]N → Z[1]N/2. (1.1)
When N is odd, the oblique confinement phase is trivial as intrinsic topological orders, while
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it should be separated from the usual confinement phase as they are different symmetry-
protected topological (SPT) states with Z[1]N to match the global inconsistency.
There is another interesting aspect of the Cardy-Rabinovici model. In Ref. [8], the
effective Lagrangian of charges and monopoles is obtained by integrating out the fluctu-
ation of photons, and the effective Lagrangian has the SL(2,Z) self-duality. Indeed, we
find that the local dynamics is identical under the SL(2,Z) transformation, so the local
quantities, such as the free-energy density, must be the same under the duality transfor-
mation. However, we show that the SL(2,Z) duality does not extend to the global aspects
of the theory. In some cases, the duality operation exchanges the topologically trivial and
nontrivial phases, and we clarify that this is because the duality transformation does not
preserve the one-form symmetry.
We therefore construct the model, whose local dynamics is the same with that of the
Cardy-Rabinovici model, while the SL(2.Z) self-duality extends to the global aspect of the
theory. It is obtained by considering the Cardy-Rabinovici model with the charge N = M2,
and then we gauge the subgroup Z[1]M of the one-form symmetry Z
[1]
N = Z
[1]
M2
. This gauged
Cardy-Rabinovici model enjoys the Z[1]M × Z[1]M symmetry, and the first factor denotes an
electric one-form symmetry and the another does a magnetic one. It turns out that the
gapped phases of the gauged Cardy-Rabinovici model always show the ZM topological order,
and this is because of the mixed anomaly between electric and magnetic Z[1]M symmetries.
As the electric and magnetic one-form symmetries are isomorphic, we can show that
the gauged model enjoys the SL(2,Z) duality. In this model, however, the θ angle is no
longer 2pi periodic, θ 6∼ θ + 2pi, and the map θ → θ + 2pi must be identified as one of the
generators of SL(2,Z). This SL(2,Z) duality is the same with that of the pure Maxwell
theory. The partition function of the Maxwell theory is not SL(2,Z) invariant on general
spin four-manifolds, but instead transforms as the modular form [28, 29]. We can regard
this as a mixed anomaly between SL(2,Z) duality and the Lorentz invariance [30], so we
find another anomaly constraint on the phase diagram.
Organization of this paper is as follows. In Sec. 2, we give a review on the Cardy-
Rabinovici model. We will see that the model is expected to have a rich phase structure
based on the heuristic discussion on the free energy of world lines of dyonic excitations. We
will also give a review on the SL(2,Z) self-duality about the local dynamics, emphasizing
that it does not necessarily extend to the global nature of the model. In Sec. 3, we study the
topological aspects of the Cardy-Rabinovici model, which partly justified the conjectured
structure of the phase diagram. The anomaly matching plays an important role for this
purpose, and we give the formal continuum definition of the Cardy-Rabinovici model in
order to compute its anomaly in a clear manner. Using the continuum reformulation,
we obtain the mixed anomaly, or global inconsistency, for Z[1]N and CP at θ = pi. In
Sec. 4, we give the gauged Cardy-Rabinovici model using the continuum formulation, and
study the SL(2,Z) self-duality as a genuine property of the theory. We discuss the mixed
anomaly between SL(2,Z) and gravity to constrain the possible phase diagram. In Sec. 5,
we summarize the results and discuss possible implications to the non-Abelian YM dynamics
with nonzero θ angles.
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2 Review on Cardy-Rabinovici lattice gauge model with the θ angle
In this section, we give a brief review of the work by Cardy and Ravinobici on the lattice
U(1) gauge theory with the θ angle [7, 8]. This model is expected to show the rich phase
structure due to the various types of charge, monopole, and dyon condensations [7]. More-
over, the local dynamics of this model enjoys the SL(2,Z) self-duality, which constrains
possible structures of the phase diagram [8].
2.1 Description of the Cardy-Rabinovici model
The four-dimensional lattice gauge theory in Refs. [7, 8] is defined as follows, and we call
it the Cardy-Rabinovici model. The spacetime is assumed to be the four-torus T 4, and
it is discretized as the square lattice. Instead of the usual formulation of lattice gauge
theory, here we use a formulation known as the Villain form of the lattice U(1) gauge
theory [31] to conveniently describe the θ angle and magnetic degrees of freedom. In the
Villatin form, noting the structure U(1) = R/Z, the U(1) gauge field a on the discretized
torus is introduced as a pair (a˜µ, sµν), where a˜µ is the R-valued link variable and sµν is the
Z-valued plaquette variable.
First the kinetic term of the U(1) gauge field is given by
Skin =
1
2g2
∑
(x,µ,ν)
fµν(x)
2. (2.1)
where f = da is the field strength,
fµν = ∂µa˜ν − ∂ν a˜µ − 2pisµν . (2.2)
Note that the field strength is invariant under the R-valued 0-form gauge transformation
a˜µ → a˜µ + ∂µλ(0), (2.3)
and the Z-valued 1-form gauge transformation
a˜µ → a˜µ + 2piλ(1)µ , sµν → sµν + ∂µλ(1)ν − ∂νλ(1)µ . (2.4)
This lattice discretization of U(1) gauge theory allows us to define the monopole current,
mµ(x˜) =
1
2
ενµλσ∂νsλσ(x). (2.5)
Here, x˜ is the site on the dual lattice, x˜ = x + 12(1ˆ + 2ˆ + 3ˆ + 4ˆ), and thus mµ(x˜) is the
Z-valued link variable on the dual lattice. By definition, it satisfies the conservation law,
∂µmµ = 0, (2.6)
and thus the configuration of mµ can be regarded as the closed world-line of magnetically
charged particles.
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Next we describe the matter part. The electric matter field in Refs. [7, 8] is introduced
as the closed world-line representation. It is defined as the Z-valued link variable nµ,
satisfying the constraint,
∂µnµ = 0. (2.7)
When the electric matter has the chargeN so that the theory enjoys ZN one-form symmetry,
its minimal coupling term in the Lagrangian is given by
iNnµ(x)a˜µ(x). (2.8)
The gauge invariance of this coupling is ensured by the conservation law (2.7). Indeed,
summing up nµ restricts a˜µ into 2piN Z, so the theory becomes the lattice ZN gauge theory.
Now, let us introduce the θ parameter to this lattice model. This can be done by
noticing that the magnetic monopole acquires the electric charge θ2pi by the Witten effect [6].
In order to reproduce this nature, we replace nµ by
n˜µ(x) = nµ(x) +
θ
2pi
∑
x˜
F (x− x˜)mµ(x˜). (2.9)
Here, F (x− x˜) is a short-ranged function in order to relate the dual lattice and the original
lattice. Although the choice of F is arbitrary, the details of F is expected not to affect the
low-energy dynamics of this model. Now, the Lagrangian of the matter fields becomes
Smat = iN
∑
(x,µ)
n˜µ(x)a˜µ(x). (2.10)
At sufficiently low energies, the distinction between the original and dual lattices is expected
to be no longer important1, and then we may simply write the effective electric current as
n˜µ(x) = nµ(x) +
θ
2pi
mµ(x). (2.11)
Since both nµ and mµ are Z-valued link variables, there is an emergent 2pi periodicity of the
θ parameter at low energies, because n˜µ is invariant under θ → θ+ 2pi and nµ → nµ −mµ.
As an example, we draw the list of charged particle excitations in Fig. 1 for N = 2 at
θ = 0 and pi. Since the gauge group is U(1), all the points in the charge lattice allow
test particles, which can be introduced as the genuine line operators. The charges of the
dynamical excitations, denoted with the blue blobs, are more restricted to preserve the ZN
one-form symmetry.
Combining these data, the action of the model is
S[a˜µ, sµν , nµ] = Skin[a˜µ, sµν ] + Smat[a˜µ, sµν , nµ]
=
1
2g2
∑
(x,µ,ν)
fµν(x)
2 + iN
∑
(x,µ)
(
nµ(x) +
θ
2pi
∑
x˜
F (x− x˜)mµ(x˜)
)
a˜µ(x).
(2.12)
1In this paper, we assume that the Cardy-Rabinovici model has a nice continuum limit or UV completion.
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magnetic charge 
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Figure 1. Charge lattices at θ = 0 (left) and θ = pi (right) for N = 2. The blue blobs show the
charges of dynamical excitations, while the black squares show those of test particles satisfying the
Dirac quantization condition. The electric charges of dynamical excitations are quantized to the
multiples of N , NZ, and the other charges can be present only as test particles.
Then the partition function of the model is defined by
Z = Tr
[
e−S[a˜µ,sµν ,nµ]
]
, (2.13)
where the symbol “Tr” stands for integrations over the R-valued link variable a˜µ, and sum-
mations over the Z-valued plaquette variable sµν and Z-valued link variable nµ satisfying
(2.7). Since the Lagrangian (2.12) is quadratic in a˜µ, we can integrate it out exactly. The
effective Lagrangian can be written only in terms of nµ and mµ [7]:
Seff =
2pi2
g2
∑
x˜,x˜′
mµ(x˜)G(x˜− x˜′)mµ(x˜′) + N
2g2
2
∑
x,x′
n˜µ(x)G(x− x′)n˜µ(x′)
− iN
∑
x˜,x
mµ(x˜)nν(x)Θµν(x˜− x). (2.14)
Here, G(x− x′) is the lattice massless Green function, and Θµν is an angle-valued function
defined in Ref. [7], which expresses the angle between the Dirac string emitted from the
monopole mµ(x˜) and the four-vector (x˜ − x). It is Θµν that ensures the Dirac-Schwinger-
Zwanziger quantization condition [32–34], as it jumps by 2pi when an electric charge goes
through the world-sheet of the Dirac string. Therefore, the Dirac string is not physically
observable only if the charge quantization is satisfied.
2.2 Phase diagram via the free-energy argument
In order to get physical intuitions on the Cardy-Rabinovici model (2.12), let us study the
phase structure based on a simple free-energy argument in Ref. [7] (see also Refs. [35, 36]).
As we will see soon, the argument is heuristic and details on quantitative structures should
not be taken seriously. The steps are as follows:
1. Given the parameters (g, θ), we estimate the internal energy of a particle excitation
with fixed electric and magnetic charges, which forms a closed world line in the four
dimensional spacetime.
2. We judge that the particle can condense if the energy is smaller than the entropy of
the loop.
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3. When there are several candidates for charged particles to condense, we pick up the
minimal energy one. On the other hand, when none of the charges can condense, we
interpret that the realized phase is the Coulomb phase.
The electric and magnetic charges of dynamical excitations are labeled by integers
(n,m) ∈ Z× Z as (
N
(
n+
θ
2pi
m
)
,m
)
. (2.15)
Then we estimate the energy of the loop excitation by extracting the short-range part of
the self Coulomb interaction from (2.14),(
N2g2
2
(
n+
θ
2pi
m
)2
+
2pi2
g2
m2
)
G(0)L, (2.16)
where the long-range part is neglected because it can be screened by the presence of other
loops. Noting that the entropy of loops with the length L in the d-dimensional cubic lattice
is roughly given by L ln(2d− 1), the particle (n,m) can condense if [7]
εn,m(g, θ) ≡
(
Ng2
2pi
(
n+
θ
2pi
m
)2
+
2pi
Ng2
m2
)
N < C, (2.17)
where C = ln 7/piG(0), while the value of the constant C should not be taken too seriously.
This expression suggests that the condensation becomes harder as N takes larger values, so
there is more chance for the Coulomb phase for larger N . We note that the lattice Monte
Carlo simulation of this model is possible when θ = 0 [37, 38], and the result is consistent
with the free-energy argument with roughly C ∼ 6.
When C/N > 2/
√
3 ' 1.15, it turns out that there always exists a particle to con-
densate and therefore the Coulomb phase does not appear in the phase diagram. Thus
the system is always in gapped phases for C/N > 2/
√
3 at any (g, θ). The phase diagram
is given in Fig. 2, and the left and right figures show the cases for C/N > 2/
√
3 and
C/N < 2/
√
3, respectively. When C/N < 2/
√
3, the Coulomb phase appears in the gray
regions, which is denoted by γ. Other phases are the gapped phases due to the condensation
of charged particles.
Higgs phase
The Higgs phase is defined by the condensation of the electric charge, given by (n,m) =
(1, 0), so its energy is
EHiggs(g, θ) = ε1,0(g, θ) =
Ng2
2pi
N. (2.18)
This does not have any θ dependence. Another important point is that it does not have
the 1/g2 term as the Higgs particle does not carry the magnetic charge. Therefore, in the
weak-coupling regime, the Higgs mode should be the most favored gapped phase.
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Figure 2. Phase diagrams for 0 < θ < 2pi and Ng2/2pi < 5 when C/N > 2/
√
3 (left) and
C/N < 2/
√
3 (right) based on the simple free energy argument. In the right figure, the Coulomb
phase appears in the gray regions denoted by γ. The weak coupling region is governed by the Higgs
phase, while the strong coupling region by the confinement phase. For 0 < θ < pi, the confinement
is caused by the condensation of the monopole, (n,m) = (0, 1), while for pi < θ < 2pi, it is caused
by the condensation of the dyon, (n,m) = (−1, 1). For sufficiently strong coupling, Ng2/2pi > 2√3,
the oblique confinement mode appears near θ = pi, which is the condensation of (n,m) = (−1, 2).
Blue solid curves separate these gapped phases by the phase transitions.
Confinement phase
Confinement is caused by the condensation of magnetically charged particles. The most
naive one is the condensation of the magnetic monopole, (n,m) = (0, 1), and its energy is
ε0,1(g, θ) =
(
2pi
Ng2
+
Ng2
2pi
(
θ
2pi
)2)
N. (2.19)
The internal energy increases quadratically as a function of θ.
Since the θ angle has the periodicity 2pi in the continuum limit, the above expression
means that the monopole condensation should not be a valid description for large values
of θ. Therefore, we should take into account the possibility of the dyon condensation,
too [5, 21]. When the dyon with the charge (n, 1) condenses, its free energy becomes
εn,1(g, θ) =
(
2pi
Ng2
+
Ng2
2pi
(
θ
2pi
+ n
)2)
N. (2.20)
Among these states, we select the minimal energy state as the confinement phase at θ, so
the energy density is
Econfined(g, θ) = min
n∈Z
(εn,1(g, θ)) = min
n∈Z
(
2pi
Ng2
+
Ng2
2pi
(
θ
2pi
+ n
)2)
N. (2.21)
If we take θ = (2nθ − 1)pi + δθ with nθ ∈ Z and 0 ≤ δθ < 2pi, then it is solved as
Econfined(g, θ) = εn,1(g, θ)|n=−nθ =
(
2pi
Ng2
+
Ng2
2pi
(
δθ
2pi
− 1
2
)2)
N, (2.22)
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where the solution is unique for δθ 6= 0 while there is another solution n = −nθ+1 for δθ = 0
with the same minimum. For example, when −pi < θ < pi, the monopole (n,m) = (0, 1)
would condense, but when pi < θ < 3pi, the dyon (n,m) = (−1, 1) would condense, and
there is the phase transition at θ = pi.
Oblique confinement phase
Oblique confinement, which was originally proposed by ’t Hooft [5], is characterized by the
condensation of the higher monopole charge, such as (n,m) = (−1, 2). It is the new phase
with the condensation of magnetically charged particles, and it turns out to be energetically
favored only if the charge lattice is oblique due to the Witten effect.
The charge, (−1, 2), can be regarded as the composite particle of monopole (0, 1) and
dyon (−1, 1), and its condensation energy is given by
ε−1,2(g, θ) =
(
4 · 2pi
Ng2
+
Ng2
2pi
(
θ
pi
− 1
)2)
N. (2.23)
Near θ = pi, this condensation does not cost the electric energy at all, while the both Higgs
and confinement phases cost some of them (see the right panel of Fig. 1). Therefore, if the
electric coupling g2 is sufficiently large, the oblique confinement can overcome the usual
confinement, and it indeed appears when Ng
2
2pi > 2
√
3 at θ = pi in Fig. 2.
As ε−1,2(θ) is not 2pi periodic in θ, we again consider the list of charges (2n′−1, 2) and
pick up the minimal energy one:
min
n′∈Z
(
ε2n′−1,2(g, θ)
)
= min
n′∈Z
(
4 · 2pi
Ng2
+
Ng2
2pi
(
θ + 2pin′
pi
− 1
)2)
N. (2.24)
This is the free-energy density for the oblique confinement phase with manifest 2pi period-
icity. When θ ' pi, the state n′ = 0 is chosen, but, for example, when θ ' −pi, the different
state n′ = 1 is selected.
According to this free-energy argument, it becomes evident that more exotic oblique
confinement phase appears [7]. When θ/2pi is a rational number, i.e. θ/2pi = −p/q, the
condensate of the charge (p, q) does not cost any electric energies and thus it is preferred
at sufficiently strong couplings. In order to discuss those oblique confinement phases in a
systematic manner, it is convenient to resort to self-dual nature of the Cardy-Rabinovici
model [8], as we shall review in the next subsection.
2.3 SL(2,Z) duality of the free-energy density and the phase diagram
So far, we draw the phase diagram, Fig. 2, just by putting an ansatz (2.17) for the con-
densation of the particle type (n,m). The structure of the phase diagram is claimed to be
justified by using the self-dual nature of the model [8] (see also Refs. [39, 40] for the model
without θ). The following discussion is true for the local dynamics such as the free-energy
density, but, as we shall see in the later sections, it does not always generalize to other
observables.
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Let us introduce the complex coupling,
τ =
θ
2pi
+ i
2pi
Ng2
, (2.25)
which is in the upper half plane. Assuming that the distinction between the original and
dual lattices disappears at the low energies, the Lagrangian (2.14) is invariant under the
SL(2,Z) duality transformation
τ → aτ + b
cτ + d
(a, b, c, d ∈ Z and ad− bc = 1), (2.26)
which is generated by the S and T transformations [8]:
S : τ → −1
τ
, (n,m)→ (−m,n), (2.27)
and
T : τ → τ + 1, (n,m)→ (n−m,m). (2.28)
We can express the self-duality group as
SL(2,Z) =
〈
S, T
∣∣∣S2 = (ST−1)3 , S4 = 1〉. (2.29)
We note that S2 = C trivially acts on the space of coupling but it flips both electric and
magnetic fields, and therefore it is identified as the charge conjugation symmetry
C : τ → τ, (n,m)→ (−n,−m). (2.30)
There is also the CP transformation,
CP : τ → −τ , (n,m)→ (−n,m). (2.31)
The phase diagram must be symmetric under these transformations.
This provides the motivation to draw the phase diagram in the τ plane [8], and we
show it in Fig. 3 with the horizontal axis Re(τ) = θ2pi and vertical axis Im(τ) =
2pi
Ng2
. This
shows the same phase diagram with the left figure in Fig. 2, and the blue solid curves
show the phase transitions between gapped phases. These curves are related by SL(2,Z)
transformations, and the phase diagram shown in Fig. 3 is invariant under SL(2,Z). This
is obvious by noticing that
εn,m(τ, τ¯) =
N
Im(τ)
|n+mτ |2, (2.32)
and thus the criterion (2.17) is SL(2,Z) invariant2. In Fig. 3, the Higgs and the confinement
phases are separated by the curve, |τ | = 1, for −12 < Re(τ) < 12 . Assuming the existence of
2 It may be convenient to note that εn,m(τ, τ¯) appears in the summand of the non-holomorphic Eisenstein
series Es(τ) =
1
2
∑
(n,m)∈Z2\(0,0)
(
(Imτ)
|m+ nτ |2
)s
, which is manifestly invariant under SL(2,Z).
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Figure 3. The phase diagram of the model in the τ plane, with τ = θ2pi + i
2pi
Ng2 . We here draw the
case, where the system is gapped at any τ . The blue curves denote the phase transitions, and they
are related by the self-dual transformations, SL(2,Z).
this Higgs-confinement phase transition, then all the other phase transitions are obtained
by the duality.
For instance, we can obtain the CP-broken line at θ = pi from the Higgs-confinement
phase transition curve as follows. ST−1 maps τ and charges as
ST−1 : τ → − 1
τ − 1 , (n,m)→ (−m,n+m). (2.33)
Therefore, the Higgs-confinement phase transition curve is mapped as
ST−1 : τ = eiφ → 1
2
+
i
2
cot
φ
2
(
pi
3
< φ <
2pi
3
)
, (2.34)
while the charges (1, 0) and (0, 1) are mapped as
ST−1 : (1, 0)→ (0, 1), (0, 1)→ (−1, 1). (2.35)
This implies that the phase boundary between condensations of the charges (1, 0) and (0, 1)
is mapped to the one between (0, 1) and (−1, 1) at θ = pi, which is nothing but the CP-
broken line. Figure 3 also clarifies the existence of various oblique confinement phases in
the strong coupling regime of this model. For example, the region with the condensation of
charge (−1, `) can be obtained by applying ST−` to the one of the confinement phase. When
Im(τ) approaches to 0, there are infinitely many numbers of different oblique confinement
phases as a function of θ [7, 8].
Let us emphasize, however, that the SL(2,Z) duality applies only for the local dynamics
when N > 1, and it does not exist as the self duality of the theory. In the weak coupling
region, Im(τ)  1, the system is expected to be in the Higgs phase, which is a gapped
phase with deconfined Wilson loops, as it is caused by the condensation of electrically
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charged particles. Under the S transformation, it is mapped to the strong coupling region,
Im(−1/τ)  1. The vacuum state is now described by the condensation of magnetic
monopoles, so the system is again gapped but the Wilson loops are confined. This means
that the two systems at τ and −1/τ are different as topological orders, and the global
nature of the low-energy dynamics is not preserved under the S transformation.
When N = 1, the Higgs and confinement phases are the same phase as we do not have
an order parameter to distinguish these phases due to the lack of the one-form symmetry,
and the phase diagram can be almost trivial as the phase transition curves disappear [41, 42].
We shall concentrate on the case N > 1 in the following of this paper.
3 Anomaly and topological aspects of the phase diagram
In this section, we uncover various topological aspects of the Cardy-Rabinovici model when
N > 1. For this purpose, ’t Hooft anomaly matching condition plays an important role. In
order to compute ’t Hooft anomalies of this model, the continuum formulation is more useful
than the lattice formulation, mainly because the θ term can be treated more easily. We
first give the continuum reformulation of the model, and then study the anomaly matching
condition at θ = pi.
3.1 Formal description of the Cardy-Ravinobici model in the continuum
In order to analyze the topological aspect of the model, it is desirable to give the contin-
uum formulation. However, it is the U(1) gauge theory coupled to both electrically and
magnetically charged particles, and we currently do not have the Lagrangian formulation
of such a model.
In this paper, therefore, we give up writing down the continuum theory with man-
ifest locality and unitarity, and assume that those properties are ensured by the lattice
formulation given in (2.12) or (2.14). Motivated by (2.14), we express the configuration
of the matter fields using their world lines specified by {nµ} and {mµ}. We express the
contribution of the electric charge 1 by the Wilson loop,
W ({nµ}) = exp
(
i
∫
`[nµ]
a
)
≡ exp
(
i
∫
a ∧ ?(nµdxµ)
)
, (3.1)
where a is the U(1) gauge field3, and `[nµ] is the world line corresponding to {nµ}. Similarly,
the contribution of the magnetic charge 1 is expressed by the ’t Hooft loop,
H({mµ}), (3.2)
which is defined as the defect operator [43]: for sufficiently small two-sphere S2 linking to
the loop `[{mµ}], the gauge field must satisfy the quantization condition,∫
S2
da = 2pi. (3.3)
3Throughout this paper, we use lower cases, a, b, . . . for dynamical gauge fields, and upper cases A,B, . . .
for background gauge fields.
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Then, the “path integral” of the matter fields is obtained as4
Zmatter[a] =
∑
{nµ},{mµ}
exp(−Smatter[{nµ}, {mµ}])WN ({nµ})H({mµ}). (3.4)
The Wilson loop appears only in the N -th power, as the electric charge of dynamical
particles are quantized in N . We assume that the weight factor, Smatter[{nµ}, {mµ}], can
be chosen appropriately, so that it is consistent with the axiom of quantum field theories
such as locality and unitarity. The full partition function is described by summing up the
U(1) gauge field, a:
Z =
∫
Da exp
(
− 1
2g2
∫
da ∧ ?da+ iNθ
8pi2
∫
da ∧ da
)
Zmatter[a], (3.5)
where g is the coupling constant and θ is the vacuum angle.
We note that the θ term in (3.5) seems to have an extra factor N in front, and this is
necessary for the 2pi periodicity of θ. The index theorem, however, tells that
1
8pi2
∫
da ∧ da ∈ Z, (3.6)
on 4-dimensional spin manifolds, so it may be wondering why we need the extra factor N
for the 2pi periodicity as we would naively expect the 2pi/N periodicity in the convention of
(3.5). Therefore, we need to explain why the naive 2pi/N periodicity is wrong, and how θ
can be still 2pi periodic. The key ingredient is the Witten effect [6]. If we shift θ → θ+ ∆θ
with ∆θ = 2piN , then the magnetic particle acquires the extra electric charge
N∆θ
2pi = 1. In
other words, the pure ’t Hooft line is not mapped to itself:〈
H({mµ})
〉
θ+(2pi/N)
=
〈
H({mµ})W−1({mµ})
〉
θ
. (3.7)
This implies that if there were no magnetic excitations represented by ’t Hooft lines, the
theory has the naive 2pi/N periodicity, but it can be violated by the presence of such
excitations. Moreover, since onlyWN appears in (3.4), there is no way to recover the 2pi/N
periodicity. Under the transformation θ → θ+ 2pi, however, the Witten effect is realized as
H → HW−N , and the matter partition function is transformed as
Zmatter[a]
∣∣∣
θ→θ+2pi
=
∑
{nµ},{mµ}
exp(−Smatter[{nµ}, {mµ}])WN ({nµ −mµ})H({mµ}). (3.8)
So we have the 2pi periodicity if
Smatter[{nµ}, {mµ}] = Smatter[{nµ −mµ}, {mµ}] (mod 2pii). (3.9)
We assume this property for the weight factor, and then we identify
θ ∼ θ + 2pi. (3.10)
4 It may be more appropriate to use the formulation in [44] but the difference is irrelevant in our
argument.
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We note that this is a stronger statement than saying that the theory is self-dual under the
T transformation, θ → θ + 2pi. Any local observables, including the line operators, should
have the same expectation values at θ and θ+ 2pi, and this is true for the Cardy-Rabinovici
model.
Next let us see response to the charge conjugation and CP transformations. The charge
conjugation C acts as
C : nµ → −nµ, mµ → −mµ, (3.11)
so the theory is C symmetric if
Smatter[{nµ}, {mµ}] = Smatter[{−nµ}, {−mµ}] (mod 2pii). (3.12)
The CP transformation, or the time-reversal transformation, acts only on the electric charge,
CP : nµ → −nµ, mµ → mµ, (3.13)
so the theory also has the CP symmetry at θ = 0 or θ = pi if
Smatter[{nµ}, {mµ}] = Smatter[{−nµ}, {mµ}] (mod 2pii). (3.14)
In the lattice model (2.12) or (2.14), the weight factor of the matter fields comes out only
of the Coulomb interaction, which corresponds to setting Smatter = 0. It obviously satisfies
all of the above requirements.
So far we have discussed the reformulation of the Cardy-Rabinovici model in the con-
tinuum limit. The remaining topic is the electromagnetic duality. Naively thinking, we can
realize the electromagnetic duality by requiring
Smatter[{nµ}, {mµ}] = Smatter[{mµ}, {nµ}] (mod 2pii), (3.15)
as it exchanges the electric and magnetic fields. For studying the local dynamics, such
as the free energy density, this condition is indeed sufficient to ensure the duality under
S as we noted in Sec. 2.3. However, the electromagnetic duality, S, as a theory is more
subtle, and we will come back to this issue later. This theory has the electric ZN one-form
symmetry, Z[1]N . It acts on the Wilson loop as
Z[1]N : W (`)→ e
2pii
N W (`). (3.16)
Since 〈WN 〉 = 1 in (3.4), we can measure the electric charge of the test particle only in
mod N . Similarly, as 〈H〉 = 1, the theory does not have the magnetic one-form symmetry.
3.2 ’t Hooft anomaly at θ = pi and anomaly matching constraint
The CP symmetry of the model exists only at θ = 0 or θ = pi. This is because the CP
operation effectively flips the sign of θ, θ → −θ, and recalling that θ ∼ θ + 2pi, the only
invariant points are at θ = 0, pi.
There is an important mixed anomaly between Z[1]N and the CP symmetry at θ = pi.
This turns out to be the same anomaly or global inconsistency with that of SU(N) YM
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theory at θ = pi [11, 13] (see Refs. [14, 16, 17, 45–61] on related studies). To see this, let us
gauge Z[1]N by introducing the ZN two-form background gauge field, B. It is constructed as
the U(1) two-form gauge field satisfying
NB = dC, (3.17)
where C is an auxiliary U(1) gauge field. By this condition, B is restricted to have the
quantized flux in the unit of 2piN : ∮
S
B =
1
N
∮
S
dC ∈ 2pi
N
Z, (3.18)
where S is a closed two-dimensional surface. Postulating the one-form gauge invariance,
B → B + dλ, C → C +Nλ, (3.19)
a→ a− λ, (3.20)
the action of the Maxwell theory becomes
− SMaxwell =
∫ [
− 1
2g2
(da+B) ∧ ?(da+B) + iN θ
8pi2
(da+B) ∧ (da+B)
]
. (3.21)
The first term is manifestly CP-invariant, but the last term is not. Under the CP operation,
θ = pi is mapped to θ = −pi, i.e. the θ angle is shifted by −2pi from θ = pi. Therefore, the
change of the action is given by
−∆S = −N i (2pi)
8pi2
∫
(da+B) ∧ (da+B)
= − i
4pi
∫
(Nda ∧ da+ 2da ∧NB +NB ∧B)
= − iN
4pi
∫
B ∧B (mod 2pii). (3.22)
This means that the partition function changes its phase under the CP transformation at
θ = pi, depending on the background gauge field B for Z[1]N :
CP : Z[B]→ exp
(
− iN
4pi
∫
B2
)
Z[B]. (3.23)
Now we should ask whether or not we can cancel this phase factor by adding appropriate
local counterterms. If there does not exist such counter terms, then we regard that this is
the genuine anomaly. Since the Z[1]N gauge symmetry is unbroken in the above computation,
it is sufficient to consider the Z[1]N -invariant local counterterms, which is given by
iNk
4pi
∫
B2. (3.24)
Here, the level k should take values in Z for the gauge invariance, and we identify k+N ∼ k.
We define the partition function including this local counterterm as
Zk[B] = exp
(
iNk
4pi
∫
B2
)
Z[B], (3.25)
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and then the CP transformation acts as
CP : Zk[B]→ exp
(
− iN(2k + 1)
4pi
∫
B2
)
Zk[B]. (3.26)
The anomaly can be eliminated if
2k + 1 = 0 (mod N) . (3.27)
The anomaly is the genuine one only if such k does not exist. When N is even, there is no
k ∈ Z satisfying 2k + 1 = 0 mod N as 2k + 1 is an odd number. Therefore, we find the
genuine ’t Hooft anomaly for even N .
When N is odd, we can choose
k =
N − 1
2
(at θ = pi) (3.28)
to eliminate the anomalous phase, so there is no anomaly at θ = pi for CP and Z[1]N . We
note, however, that we can do the same consideration for θ = 0, and then k should be 0
mod N for the CP-invariant regularization. Therefore, when we extend our consideration
from a single theory at a given coupling constant to a family of theories parametrized by
the couplings, we find the global inconsistency between θ = 0 and θ = pi [11, 13]. In
the following, let us see how the anomaly or global inconsistency is matched by the phase
diagram shown in Fig. 2, or in Fig. 3.
3.2.1 Coulomb phase
According to the free-energy argument in Sec. 2.2, the system can be in Coulomb phase
if N is sufficiently large, and it is shown as the gray region in the right panel of Fig. 2.
In the Coulomb phase, the only low-energy excitations are basically given by massless free
photons, and the low-energy effective theory is just the Maxwell theory.
The anomaly (3.23) can be matched by the existence of those massless excitations.
Indeed, the computation of the anomaly (3.23) is performed with the Maxwell Lagrangian,
so the anomaly matching condition is obviously satisfied.
3.2.2 Higgs phase
In the Higgs phase, the system is gapped due to the condensation of electrically charged
particles. We have seen in the left panel of Fig. 2 (or Fig. 3) that it is realized in the
weak-coupling regime, 2pi
Ng2
>
√
3
2 . We can write the low-energy effective action of the Higgs
phase as
− Seff = −
∫
v2|dϕ−Na|2 + iN θ
8pi2
∫
da ∧ da, (3.29)
where v is the characteristic size of the vacuum expectation value, and ϕ is the phase field
of the scalar field. In this phase, the one-form symmetry is spontaneously broken,
Z[1]N → 1, (3.30)
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as the Wilson loop obeys the perimeter law. This fact can be seen very easily in the above
effective description. In the low-energy limit, we can take v → ∞ as it has the mass
dimension 1, and then the effective action takes finite values only if
Na = dϕ. (3.31)
Especially, the field strength becomes zero in that limit, da = 0, and then the expectation
value of the Wilson loop, 〈W (`)〉, does not change as we change the loop `. This is true for
any higher charge Wilson loops, which can be formally expressed as
〈Wn(`)〉 = 1 (3.32)
for any n = 0, 1, 2, . . . , N − 1. Therefore, the Higgs phase is the ZN topological order.
Let us see how the anomaly is matched in the low-energy limit, v → ∞. Introducing
the background gauge field B, then the low-energy effective action becomes
− Seff = −
∫
v2|dϕ−Na− C|+ iN θ
8pi2
∫
(da+B)2, (3.33)
where NB = dC. In order to detect the anomaly, we must make B nontrivial, so that, e.g.,
N
4pi2
∫
B2 = 1N . For such B, the U(1) gauge field Na+C cannot be an exact form globally,
that is
dϕ 6= Na+ C (3.34)
for any ϕ. In the limit v →∞, the effective action diverges, and then
Z[B]→ 0 (3.35)
for such nontrivial B. This obviously satisfies the anomaly equation (3.23) as the both
sides are zero. This is how the anomaly is explicitly reproduced in the low-energy effective
theory of the Higgs phase.
3.2.3 Confinement phase
As the coupling constant becomes larger, the charge condensation is taken over by the
monopole condensation, and the system is in the confinement phase. We have found in the
left panel of Fig. 2 that the confinement phase appears even when θ ' pi if 1
2
√
3
< 2pi
Ng2
<
√
3
2 .
For the Cardy-Rabinovici model, the confinement phase is the topologically trivial
phase. This is because all the nontrivial Wilson loops show the area law and none of the
symmetries is broken. In the low-energy limit, it can be formally expressed as
lim
`→∞
〈Wn(`)〉 = 0, (3.36)
for n = 1, 2, . . . , N − 1 mod N . Here, lim`→∞ indicates the limit of considering the larger
and larger loops, and the perimeter part of the expectation value is assumed to be eliminated
by the renormalization.
Although the confinement phase is a topologically trivial gapped phase, its ground-
state energy shows nontrivial θ dependence, as we have seen in Sec. 2.2. As a consequence,
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when θ = pi, there are two vacua, one of which has the monopole condensation with charge
(n,m) = (0, 1) while the another has the dyon condensation with charge (n,m) = (−1, 1).
These two vacua are related by CP at θ = pi, so the system shows the spontaneous CP
breaking,
(Z2)CP → 1. (3.37)
Let us explicitly see how the anomaly (3.23) is reproduced by those two vacuum states.
For simplicity, we renormalize the vacuum energy so that the monopole-condensed state at
θ = pi has the partition function,
Zmono.[B] = 1. (3.38)
In this normalization, let us assume that the dyon-condensed state at θ = pi has the
nontrivial partition function,
Zdyon[B] = exp
(
i
N
4pi
∫
B2
)
. (3.39)
We note that the absolute value of these partition functions must be the same at θ = pi,
because they are related by the spontaneously-broken CP transformation. However, their
phases do not need to be the same under the existence of background B fields, and we
assign a specific phase to the dyon-condensed phase to reproduce the anomaly: the dyon-
condensed phase is a nontrivial symmetry-protected topological (SPT) state with the Z[1]N
symmetry. The full partition function is given by
Z[B] = Zmono.[B] + Zdyon[B] = 1 + exp
(
i
N
4pi
∫
B2
)
. (3.40)
Under the CP transformation,
CP : Z[B] = 1 + exp
(
i
N
4pi
∫
B2
)
→ 1 + exp
(
−iN
4pi
∫
B2
)
= exp
(
−iN
4pi
∫
B2
)
Z[B]. (3.41)
This is nothing but the anomaly relation (3.23).
3.2.4 Oblique confinement phase near θ = pi
When the coupling constant is sufficiently large, the system is in the confinement phase
near θ = 0. For non-zero θ, however, more exotic condensations can occur due to the
Witten effect, and they are the oblique confinement phase. When θ = pi, the composite of
monopole and dyon with the charge (n,m) = (−1, 2) starts to condense when the coupling
is strong enough, 2pi
Ng2
< 1
2
√
3
. Here, let us recall that the electric and magnetic charges
(e,m) is labeled by (n,m) as in (2.15): (e,m) = (N(−1 + θ/pi), 2).
In the oblique confinement phase, it should be obvious by the Debye-screening argument
that the line operators with the charge (Nn,m) = (−N, 2) obeys the perimeter law
lim
`→∞
〈W−N (`)H2(`)〉 = 1. (3.42)
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In addition, its mutually local line operators5 are in the perimeter law as well:
lim
`→∞
〈Wn′(`)Hm′(`)〉 = 1, ((−N)m′ − 2n′ = 0 mod N) , (3.43)
while the other line operators obey the area law:
lim
`→∞
〈Wn′(`)Hm′(`)〉 = 0, ((−N)m′ − 2n′ 6= 0 mod N) . (3.44)
These conditions imply that patterns of spontaneous symmetry breaking are different be-
tween even and odd N . When N is even, (3.43) tells us the deconfinement of the charge
N/2 Wilson line [5],
lim
`→∞
〈WN/2(`)〉 = 1, (3.45)
while the other nontrivial Wilson lines are confined,
lim
`→∞
〈Wn(`)〉 = 0, (3.46)
for n 6= 0, N/2 mod N . This can be characterized by the spontaneous breaking pattern
Z[1]N → Z[1]N/2 , (3.47)
and the resulting low-energy theory is the Z2 topological order. Because of this unusual
nature, the oblique confinement phase may provide a new way to find the topological orders
in condensed matter systems [62].
We can show that this is good enough to match the anomaly (3.23) using the similar
discussion for the anomaly matching in the Higgs phase. Here, let us take another approach
instead. Anomaly matching can be satisfied if the symmetry is broken to the anomaly-free
subgroup, so it is sufficient to show that Z[1]N/2 and CP does not have an ’t Hooft anomaly.
Let B˜ is a ZN/2 two-form gauge field,
N
2
B˜ = dC˜, (3.48)
and we replace B by B˜ in (3.23),
CP : Z[B˜]→ Z[B˜] exp
(
− iN
4pi
∫
B˜2
)
. (3.49)
It may seem that the symmetry is still anomalous in this expression, but we should consider
if this anomalous phase can be canceled by adding the local counter term:
Zk[B˜] = Z[B˜] exp
(
i (N/2)k
4pi
∫
B˜2
)
, (3.50)
with k = 0, 1, . . . , N/2− 1 mod N/2. Under CP, we obtain
CP : Zk[B˜]→ Zk[B˜] exp
(
− iN(k + 1)
4pi
∫
B˜2
)
. (3.51)
5 For charge (n,m), mutually local line operators have charges satisfying nm′ −mn′ = 0 mod N .
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Setting k = −1 modN/2, the anomalous phase indeed disappears. Therefore, the symmetry
is spontaneously broken to the anomaly-free subgroup, and the anomaly matching condition
is satisfied.
When N is odd, the oblique confinement phase is a trivial phase. It has the mass gap,
and the nontrivial Wilson lines are all confined:
lim
`→∞
〈Wn(`)〉 = 0 (3.52)
for n 6= 0 mod N . Furthermore, unlike the confined phase, the oblique confinement phase
respects the CP symmetry at θ = pi, so the ground state is unique. Indeed, we should note
that the system does not have the genuine ’t Hooft anomaly when N is odd, so the trivially
gapped state at θ = pi is allowed. Even in this situation, the global inconsistency still puts
a nontrivial constraint to the phase diagram [13–19]: the trivial gapped states at θ = 0 and
pi should be distinguished as the Z[1]N -symmetric SPT states, and there must be a quantum
phase transition separating them. We can explicitly see this as follows. The partition
function of the oblique confinement phase should have the following B dependence,
Zoblique[B] ∝ exp
(
−iN − 1
2
N
4pi
∫
B2
)
, (3.53)
in order to reproduce (3.23). We note that the monopole- and dyon-condensed phases,
(3.38) and (3.39), have the different level of this topological action. As the level is quantized
due to the gauge invariance, there is no continuous way to interpolate these levels without
phase transitions as long as the Z[1]N symmetry is respected. Therefore, existence of the
phase transition curves between the confinement and oblique confinement phases in Fig. 2
is ensured for odd N : even though they are both trivial as intrinsic topological orders, they
are different SPT states.
4 Electromagnetic duality for N =M2 and anomaly constraint
As we have seen in Sec. 2, the free-energy density of the Cardy-Rabinovici model enjoys
the SL(2,Z) self-duality, and it plays the important role to constraint the phase diagram.
We note, however, that it is not the self-duality of the theory. One way to see this failure
is that the S transformation does not preserve the 1-form symmetry as the electric and
magnetic line operators are interchanged. As a result, the global nature of each phase is
not preserved under SL(2,Z), and thus, for example, a topologically trivial phase is mapped
to an intrinsic topological order, or vice versa.
In this section, we obtain the SL(2,Z) self-dual theory out of the Cardy-Rabinovici
model with N = M2 by gauging a part of the one-form symmetry:
Z[1]M ⊂ Z[1]N = Z[1]M2 . (4.1)
After this operations, the theory has the SL(2,Z)-gravity mixed anomaly, and we can find
the further constraint on the phase diagram, and it turns out to explain more details on
Fig. 3.
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4.1 The Z[1]M -gauged Cardy-Rabinovici model for N = M
2
Let us construct the self-dual theory out of the Cardy-Rabinovici model. It turns out
that we can obtain such a theory when N is a square number, say N = M2, by gauging
Z[1]M ⊂ Z[1]N = Z[1]M2 . In order to gauge the Z
[1]
M symmetry [63, 64], we introduce the dynamical
ZM 2-form gauge field,
Mb = dc, (4.2)
where c is a U(1) 1-form gauge field and b is a U(1) 2-form gauge field. By this condition,
the period of b is quantized in the unit of 2piM . We require the 1-form gauge invariance,
b→ b+ dλ(1), c→ c+Mλ(1), a→ a− λ(1). (4.3)
In order to establish the 1-form gauge invariance, we should replace the field strength da
by
da+ b =
1
M
(Mda+ dc). (4.4)
Using the 1-form gauge symmetry, we can set a = 0, which is an analogue of the unitary
gauge in the ordinary gauge symmetry, and then this formula tells the replacement rule of
the field strength da by 1M dc.
The continuum formulation, (3.4) and (3.5), of the Cardy-Rabinovici model uses the
line operators W (`) and H(`) in its definition, so we need to discuss how the Z[1]M gauging
affects the line operators in order to define the gauged theory. The fundamental Wilson
line, W (`), is no longer a genuine line operator as it is not gauge invariant under the 1-form
gauge symmetry, so it becomes
W (`,Σ) = exp
(
i
∫
`
a+ i
∫
Σ
b
)
(4.5)
with ∂Σ = `. The electric genuine line operator is given by its M -th power,
W˜ (`) ≡WM (`,Σ) = exp
(
i
∫
`
(Ma+ c)
)
. (4.6)
In the gauge a = 0, this is nothing but the fundamental Wilson line for the new U(1) gauge
field c. In the path integral (3.4), only WN appears, which is equal to W˜M after gauging,
as we have set N = M2.
Next let us discuss the magnetic line operator. The ’t Hooft line H(`) is defined as
the defect operator specified the magnetic flux around it. Since we should replace the field
strength, its definition is changed as∫
S2
1
M
(Mda+ dc) = 2pi (4.7)
for small two-spheres S2 linking to `. In the gauge a = 0, this reads∫
S2
dc = 2piM. (4.8)
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Let us denote the minimal ’t Hooft line for the gauge field c as H˜(`), then this equality
means that the original ’t Hooft line H(`) should be regarded as the M -th power of H˜(`),
H(`) = H˜M (`). (4.9)
By combining these data, the partition function of the Z[1]M -gauged theory is given as
Z =
∫
Dc exp
(
− 1
2(Ng2)
∫
dc ∧ ?dc+ i θ
8pi2
∫
dc ∧ dc
)
×
∑
{nµ},{mµ}
exp(−Smatter[{nµ}, {mµ}]) W˜M ({nµ})H˜M ({mµ}). (4.10)
This is the Z[1]M -gauged Cardy-Rabinovici model for N = M
2.
4.2 Symmetry, self-duality and anomaly
Let us discuss the topological properties of the Z[1]M -gauged Cardy-Rabinovici model based
on symmetries, dualities, and anomalies. We would like to emphasize that some aspects of
these analyses have an important implication to the original Cardy-Rabinovici model with
N = M2. Gauging of the Z[1]M symmetry does not affect the local dynamics. For example,
non-topological degeneracy of the vacua should be in common for these two theories, so
they have the same phase diagram, Fig. 3, while the topological characterization of each
phases is affected by gauging Z[1]M .
4.2.1 1-form symmetry and its anomaly
The 1-form symmetry of the original Cardy-Rabinovici model is Z[1]N = Z
[1]
M2
acting on
the Wilson loop W , W → e2pii/M2W . By gauging its Z[1]M subgroup, we find the 1-form
symmetry,
(Z[1]M )ele. × (Z[1]M )mag., (4.11)
each factor of which acts on W˜ and H˜, respectively, i.e.
(Z[1]M )ele. : W˜ → e
2pii
M W˜ , (Z[1]M )mag. : H˜ → e
2pii
M H˜. (4.12)
In the gapped phase of the gauged model, the 1-form symmetry is always spontaneously
broken. In the Higgs phase, the electric lines are deconfined,
lim
`→∞
〈W˜n(`)〉 = 1, (4.13)
for n = 1, . . . ,M − 1, while the magnetic lines are confined,
lim
`→∞
〈H˜n(`)〉 = 0. (4.14)
In the monopole-condensation phase, the opposite is true. The electric lines are confined,
while the magnetic lines are deconfined,
lim
`→∞
〈W˜n(`)〉 = 0, lim
`→∞
〈H˜n(`)〉 = 1. (4.15)
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In another confinement phase, say the dyon-condensation phase with charge (−1, 1), the
deconfined lines are
lim
`→∞
〈(W˜−1H˜)(`)〉 = 1, (4.16)
for n = 1, . . . ,M − 1, and other nontrivial lines are all confined. In all of these situations,
we find the symmetry breaking pattern,(
Z[1]M
)
ele.
×
(
Z[1]M
)
mag.
→ Z[1]M , (4.17)
and the unbroken Z[1]M symmetry carries the information of the condensation.
The U(1) pure Maxwell theory enjoys the U(1)[1]ele. × U(1)[1]mag. symmetry, and the
(Z[1]M )ele. × (Z[1]M )mag. symmetry is its subgroup. The U(1)[1]ele. × U(1)[1]mag. symmetry has
the mixed anomaly: introducing the background 2-form gauge fields, Bele. and Bmag., the
theory is no longer gauge invariant in the genuine four dimensions, and the gauge invariance
requires the anomaly inflow from the 5-dimensional bulk topological action,
S5d =
i
2pi
∫
Bmag. ∧ dBele.. (4.18)
Even when restricting the symmetry to (Z[1]M )ele. × (Z[1]M )mag., this topological action is
still nontrivial, and the anomaly matching condition is imposed. This anomaly is also
necessary in order to reproduce the original Z[1]
M2
symmetry when gauging (Z[1]M )mag. [65].
The spontaneous breaking, (4.17), is indeed one of the scenarios matching this ’t Hooft
anomaly.
4.2.2 SL(2,Z) self duality, Z6 subgroup, and mixed gravitational anomaly
The original Cardy-Rabinovici model has the ZM2 electric 1-form symmetry but does not
have the magnetic 1-form symmetry. When we perform the electromagnetic duality trans-
formation, i.e. the S transformation, these two symmetries should be exchanged, and the
theory is mapped to a different theory with the ZM2 magnetic 1-form symmetry and with-
out the electric 1-form symmetry. In this sense, the original Cardy-Rabinovici model cannot
be a self-dual theory, even though its local dynamics of charges and monopoles shows an
interesting self-duality.
In the Z[1]M -gauged Cardy-Rabinovici model (4.10), this problem does not exist since
we have same amounts of the electric and magnetic 1-form symmetries. Therefore the
theory enjoys the SL(2,Z) self-duality, which is the same with that of pure Maxwell theory.
They are generated by S and T defined in (2.27) and (2.28), with the complex coupling
τ = θ2pi+i
2pi
Ng2
. We note that, in this theory, θ and θ+2pi should not be identified as in (3.10).
Instead, we can only say that those two points are related by the duality transformation,
T ∈ SL(2,Z), which maps τ → τ + 1. This is because the expectation value of nontrivial
’t Hooft loops do not show the 2pi periodicity,
〈H˜〉θ+2pi = 〈H˜W˜−1〉θ 6= 〈H˜〉θ. (4.19)
As an identification of θ, the periodicity is extended to
θ ∼ θ + 2piM, (4.20)
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due to the gauging of Z[1]M , which corresponds to τ ∼ τ + M . This should be compared
with the similar extension of the θ periodicity between SU(N) and SU(N)/ZN Yang-Mills
theories [64].
There are some points in the space of τ , which are fixed points under certain subgroups
of SL(2,Z). There are two important fixed points. The first one is τ = i, which is the fixed
point of
(Z4)S = {Sk | k ∈ Z} ⊂ SL(2,Z). (4.21)
Also, τ = exp(pii/3) = 12 + i
√
3
2 is the fixed point of
(Z6)ST−1 = {(ST−1)k | k ∈ Z} ⊂ SL(2,Z). (4.22)
Other points with a nontrivial stabilizer subgroup of PSL(2,Z) in the upper half plane
can be mapped to either of the above two points by combinations of S and T . For those
fixed points, their stabilizer subgroups of SL(2,Z) are promoted to symmetry from the
self-duality of the theory.
Such a symmetry group may have an ’t Hooft anomaly. We here focus on its mixed
anomaly with the gravity. The key point is that the partition function of the quantum
Maxwell theory on generic manifold is not invariant under SL(2,Z), but instead it behaves
as the modular form6 [28, 29],
ZMaxwell(τ + 1) = ZMaxwell(τ), (4.23)
ZMaxwell(−1/τ) = τ
1
4
(χ−σ)τ
1
4
(χ+σ)ZMaxwell(τ). (4.24)
Here, χ is the Euler number of the spin four-manifolds, and σ is the signature of the spin
four-manifolds, which is equal to 13 of the Pontryagin class p1,
σ =
1
3
∫
1
8pi2
tr(R ∧R), (4.25)
and R is the curvature 2-form. On spin four-manifolds, the signature σ is known to be
quantized in 16Z by the Rokhlin’s theorem, and the generator is the K3 surface, σ(K3) =
−16.
Using this information, let us compute the mixed anomaly between the subgroup of
SL(2,Z) and gravity [30]. Let us first consider the case τ = i, where (Z4)S is a symmetry.
The extra factor under the S transformation in (4.24) is
τ
1
4
(χ−σ)τ
1
4
(χ+σ) = e−2pii(σ/8) = 1. (4.26)
In the last equality, we use the fact that σ ∈ 16Z on spin manifolds, and thus the S
transformation does not have a mixed ’t Hooft anomaly with gravity. We can, however,
find an interesting anomaly at
τ∗ = exp(pii/3), (4.27)
6 A function f(τ, τ¯) is a modular form of weight (u, v) if f
(
aτ+b
cτ+d
)
= (cτ + d)u(cτ¯ + d)vf(τ, τ¯). In the
case of ZMaxwell(τ), we have u = 14 (χ− σ) and v = 14 (χ+ σ).
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where ST−1 generates the Z6 symmetry.
ST−1 : ZMaxwell(τ∗) → (τ∗ − 1)−
1
4
(χ−σ)(τ∗ − 1)− 14 (χ+σ)ZMaxwell(τ∗)
= exp
(
2pii
σ
6
)
ZMaxwell(τ∗). (4.28)
For the K3 surface, this anomalous phase is exp(−2pii/3), and thus (Z6)ST−1 has an order-3
mixed anomaly with the signature density. This computation is explicitly done for the pure
Maxwell theory, but the same anomaly should exist for the gauged Cardy-Rabinovici model
as the anomaly does not change under the continuous SL(2,Z) preserving deformations.
We note that the following assumption is made to justify this argument: the gauged Cardy-
Rabinovici model enjoys the SL(2,Z) self duality and the Lorentz invariance at low-energies.
Recently, it has been proven that the mixed gravitational anomaly cannot be matched
by the topologically ordered phase if the anomaly is detectable on the K3 surface [66, 67].
As a result, in order to match the anomaly, the system requires certain massless excitations,
such as free photons in the Coulomb phase, or the vacuum break the symmetry,
(Z6)ST−1 → (Z2)C. (4.29)
In the left panel of Fig. 2, there are three degenerate ground states at τ = τ∗, where
condensations of the three charges (1, 0), (0, 1) and (−1, 0) occur. connected by the ST−1
transformation. This implies the spontaneous symmetry breaking (4.29) of the Z3 subgroup
in (Z6)ST−1 that matches the anomaly. Once we have the Z3 breaking at τ = τ∗, we can find
similar breaking of Z3 at other points by applying SL(2,Z) transformations. For instance,
the phase boundary of condensations of the charges (0, 1), (−1, 1) and (−1, 2) at θ = pi can
be obtained by applying ST−2 to τ = τ∗. In the right panel of Fig. 2, the system at τ∗ is
in the Coulomb phase, and the anomaly matching is again satisfied.
5 Summary and discussion
In this paper, we revisit the phase structure of the four-dimensional lattice U(1) gauge
theory with the θ angle, which was originally proposed by Cardy and Rabinovici [7, 8]. This
Cardy-Rabinovici model has been expected to show various phase transitions depending on
the coupling, g2, and θ based on heuristic free-energy arguments of possible condensations
and also on its consistency with the SL(2,Z) self-duality of local dynamics [7, 8]. We show
that this model has the mixed anomaly, or global inconsistency, between Z[1]N and CP at
θ = pi exactly in the same way with SU(N) YM theory. We confirm that the proposed
phase diagram is consistent with the constraint by the anomaly matching condition.
In particular, we discuss properties of the oblique confinement phase around θ = pi in
details. This phase is caused by the condensation of composite particles with the charge
(n,m) = (−1, 2). When N is even, the one-form symmetry is spontaneously broken as
Z[1]N → Z[1]N/2 and the low-energy physics is described by the Z2 topological order. We show
that this is indeed sufficient in order to match the mixed ’t Hooft anomaly for Z[1]N and CP
at θ = pi, so the oblique confinement phase realizes one of the minimal scenarios to match
the anomaly.
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For odd N , the genuine anomaly is not present at θ = pi and thus the trivially gapped
phase is allowed to appear. The oblique confinement phase for odd N is indeed such a
phase: it is gapped because of the condensation and there are no deconfined lines as none
of the test particles can have a charge parallel to the charge (n,m) = (−1, 2). However,
the theory has the global inconsistency between θ = 0 and θ = pi, and thus the oblique
confinement phase at θ = pi for odd N is a different SPT state from the usual confinement
phase caused by the monopole condensation. These arguments justify the presence of phase
transitions, which were conjectured by Cardy and Rabinovici.
What are the possible implications to the phase diagram of SU(N) YM theory? In the
’t Hooft large-N limit, there is a convincing argument showing that the anomaly at θ = pi
is matched by spontaneous breakdown of CP symmetry [21], and it is supported by the
holographic model [26] and also by semiclassical computations of deformed or softly-broken
supersymmetric YM theories [68–73]. When N is not so large, however, the dynamics at
θ = pi may be different. The presence of anomaly, or global inconsistency, ensures that
there must be at least one quantum phase transition as we change θ from 0 to 2pi [11, 13].
In Ref. [11], it has been discussed that the Coulomb phase may appear in a finite window
including θ = pi for N = 2 as one of possible exceptions from the large-N viewpoint. Indeed,
this possibility can be realized in the Cardy-Rabinovici model as we can see in the right
panel of Fig. 2. We should note, however, that the local dynamics of the YM theory is
very different from that of the Cardy-Rabinovici model. In the Cardy-Rabinovici model,
the Coulomb phase can appear if CN <
2√
3
according to the free-energy discussion, so the
Coulomb phase is preferred for larger N instead of smaller ones.
As another possibility motivated by the Cardy-Rabinovici model, there may be a finite
window of the oblique confinement phase around θ = pi for pure SU(N) YM theories with
small N . As the anomaly involves the one-form symmetry, the anomaly constraint exists
even at finite temperatures as the four-dimensional anomaly induces a mixed anomaly
between Z[0]N , Z
[1]
N , and CP for an effective 3-dimensional theory. When compactifying
the oblique confinement phase, Z[0]2 and Z
[1]
2 are both spontaneously broken for N = 2.
At sufficiently high temperatures, the deconfinement occurs, where Z[0]2 is spontaneously
broken while Z[1]2 is unbroken. In this scenario, the deconfinement temperature must remain
nonzero at any values of θ, because the oblique confinement phase cannot be continuously
connected to the high-temperature deconfinement phase. This statement is true also for
N = 3 if the oblique confinement is realized around θ = pi at low temperatures. For odd N ,
the oblique confinement phase does not break any symmetry, while the high-temperature
deconfinement phase breaks Z[0]3 .
In this paper, we have also discussed the Z[1]M -gauged Cardy-Rabinovici model with the
charge N = M2. In the original Cardy-Rabinovici model, the SL(2,Z) self-duality found
in Ref. [8] is limited to the local aspect of the theory, mainly because the electromagnetic
charge lattice is not invariant under SL(2,Z). In the gauged model, the SL(2,Z) self-
duality is true also for the global aspect of the theory, and we can discuss its anomaly to
constrain the phase diagram. The gapped phases are always ZM topological orders, and
the theory also enjoys the SL(2,Z)-gravity mixed anomaly. Especially at τ = exp(2pii/3),
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the (Z6)ST−1 subgroup of SL(2,Z) becomes a symmetry of the theory, and it has the
mixed anomaly with the signature density. As a consequence of the anomaly matching, the
spontaneous breaking (Z6)ST−1 → (Z2)C is required. It would be interesting if one can find
a pure anomaly of the duality in our model which has been studied well for the Maxwell
theory in Refs. [74, 75]. It has been known that various four-dimensional theories with
SL(2,Z) duality can be constructed out of the two-torus compactification of 6-dimensional
(2, 0) theories. It is quite amusing if certain deformation of such a theory can show the rich
structure of the phase diagram as studied in this paper.
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